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THE FOUR-WAVE MIXING AND THE HYDRODYNAMIC 
EXCITATIONS IN SMECTIC A LIQUID CRYSTALS 

G.F. KVENTSEL and B.I. LEMBRIKOV 
Department of Chemistry, Technion-Israel Institute of Technology, Haifa 
32000, Israel 

Abstract A nondegenerate four-wave mixing (FWM) on a new type of Kerr 
nonlinearity determined by the layer deformations in smectic A liquid crys- 
tal (SmA) is considered. It is shown that in the case when the frequency 
difference of the coupled electromagnetic waves (EMW) is close to the fre- 
quency of the second sound (SS), a strong parametric coupling among EMW 
through the dynamic grating of layer deformations occurs. As a result EMW 
with the lowest frequency is amplified and EMW with the highest frequency 
is depleted, while the two EMW with the intermediate frequencies are com- 
pressed in space and their envelopes take the form of a spatial soliton. The 
explicit expressions of all amplitudes are calculated. The gain coefficient 
appears to be one order of magnitude greater than the one for stimulated 
scattering on an ordinary sound in organic liquids. The interaction of EMW 
with the specially selected frequencies and wave vectors gives rise to the ana- 
log of Brillouin enhanced FWM (BEFWM) resulting in the amplification of 
the phase-conjugate EMW. The additional components of the fundamental 
EMW and a spectrum of spatially localized Brillouin-like small harmonics 
with combination frequencies and wave vectors are generated due to the com- 
bined effect of the new kind of Kerr nonlinearity discussed and anisotropy of 
SmA. It is shown that the light generates spatially periodic hydrodynamic 
flow with the large-scale soliton-type envelopes. The light-induced layer de- 
formations generate the high-frequency longitudinal electric field due to the 
flexoelectric effect. The spatial and temporal characteristics of the dynamic 
grating appears to be close to the experimental data. 

1. INTRODUCTION 

Four-wave mixing (FWM) refers to the nonlinear process with four interacting 

electromagnetic waves (EMW).' As a third-order process it is allowed in all me- 

dia, with or without inversion symmetry.' The typical nonlinear optical effects 

caused by FWM are parametric amplification of some of the coupled EMW by 

the others and different techniques of the phase conjugation.'!' The theory of 
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nondegenerate FWM when all frequencies of coupled EMW are different was de- 

veloped for a nondissipative isotropic medium with a scalar cubic sus~eptibil i ty.~-~ 

The scalar character of x ( ~ )  permits a description of dynamics of the system in 

terms of the canonical equations for EMW intensities and to obtain in general 

case the exact solutions in the form of the elliptic  function^.^-^ Consequently, the 

energy exchange appeared to be a periodic function of the propagation distance.6 

The energy-conservation and the momentum-conservation rules for the frequencies 

and the wave vectors of the coupled EMW, which are necessary for an effective 

energy transfer from the pump waves to the amplified waves, could be met si- 

multaneously due to the compensation of initial wave vector mismatch by the 

wave vector mismatch caused by the optical Kerr effect.6 The phase conjuga- 

tion takes place in the case of the degenerate or nearly degenerate FWM when 

all frequencies of the coupled EMW are equal, or the difference among them is 

small in comparison with fundamental frequencies, and when the wave vectors 

of the EMW are selected specifically.l*' A Brillouin-enhanced FWM (BEFWM) 

which combines the possibilities of the large phase conjugation and good energy 

transfer from the pump EMW to the phase-conjugate EMW occurs in the case 

of the nearly degenerate process due to the optical Kerr effect.'? 7-g The optical 

Kerr effect, characterized by the linear dependence of the refractive index on the 

light intensity, is usually caused by comparatively slow processes such as Raman 
or Brillouin scattering, optical field-induced temperature rise in absorbing media 

and molecular reorientation.' 

A strong Kerr nonlinearity due to the low energy molecular reorientation is 

specific to nematic liquid crystals (NLC) and smectic C liquid crytals (SmC).11-14 

The nonlinear optical effects caused by this nonlinearity were thoroughly investi- 

gated both theoretically and experimentally (see for e~amp1e'l- l~ and references 

there). Unlike NLC and SmC, in smectic A liquid crystals (SmA) a normal dis- 

placement of a layer u(?, t )  is a hydrodynamic ~ a r i a b l e . ~ ~ ? ' ~ - ~ ~  As a result, there 

exists in SmA an additional acoustic mode called a second sound (SS), which 

propagates without a change of mass density and represents the oscillations of a 

phase of the order parameter.'0>15-19 The elastic constant B associated with the 
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layer compression is much smaller than the elastic constant associated with a bulk 

compression.18 SS possesses an anisotropic dispersion relation:lO> 15-18 

fi = s ( k B i k B z )  / k 8  , s = (B/P>”~ (1) 
+ 

Here 0, k, ,  k , l  and k,, are the SS frequency, wave vector and its components 

parallel and normal to the layer plane, respectively, s is SS velocity, the Z axis is 

chosen to be normal to the layer plane and coincides with the SS optical axis” 

and p is the mass density of SmA. The light-induced smectic layer deformations 

represent a new mechanism of Kerr n~nlinearity.~O-~~ 

In this paper we consider a nearly degenerate FWM in SmA due to the 

new mechanism of Kerr nonlinearity caused by the layer deformations. The in- 

terfering EMW create a dynamic grating of the normal layer displacement. The 

FWM on such a grating has two particular features. Firstly, the rules of energy- 

conservation and momentum-conservation for the frequencies and the wave vectors 

of the coupled EMW are met automatically. Secondly, the SS wave excitation can 

be considered highly damped due to the large viscosity of SmA.loI 16-18 Therefore, 

the direct energy exchange between the EMW and the rapidly decaying SS eigen- 

modes is negligible. As a result, the scale separation28 is possible, and the system 

can be considered a nonconservative one. The energy transfer among the EMW 

through the dynamic grating is nonreciprocal, unlike the situation considered in 

ref. 3-6. 
It is shown that the cubic susceptibility of the new kind caused by the dy- 

namic grating is in general case strongly anisotropic due to the essential optical 

anisotropy and the spatial dispersion24 of liquid crysta1s.l 1-13 Usually the terms 

responsible for the spatial dispersion in the centrosymmetric media are of the or- 

der of magnitude of ( d / X )  where d is a crystal lattice constant and X is a light 

wavelength. In SmA the interlayer distance d N 2OA,l0 which is much greater 

than a cell dimension in ordinary crystals. Therefore the spatial dispersion must 

be more pronounced in SmA. The tensor xij”Ll contains 10 independent compo- 

nents having a resonant form due to the dispersion relation (1). The components 

are essentially complex because of the viscosity of SmA.lo? 16-18 The strong cou- 

pling occurs when the frequency differences of the coupled EMW are close to SS 

frequency: 

(2) 
S 

C 
Aw,, = W, - wn - 0,,,,(A gmn) N -w, 
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- -4 + Ak,, = km - k, (3) 
+ 

where w,, ,, km, , are the frequencies and the wave vectors of the fundamental 

EMW, respectively and c is the vacuum light velocity. 

The condition of the resonance has the form 

It is shown that the EMW with the lowest frequency is amplified with sat- 

uration, the EMW with the highest frequency is depleted, and the two EMW 

with the intermediate frequencies are compressed in space, forming the soliton- 

like  envelope^.'^'^ The intensities of all EMW form the stable spatially localized 

nonperiodic structures. The coupled EMW undergo the phase cross-modulation 

along with the parametric energy exchange since the cubic susceptibility is com- 

plex. All phases evolve separately due to the anisotropic character of coupling. 

In the particular case when EMW counterpropagate, an analog of 

BEFWM2i4-6 is possible. 

The scattering of the four fundamental EMW on the dynamic grating results 

in the appearence of a spectrum of small spatially localized harmonics with the 

combination frequencies and wave vectors. The combined effect of anisotropy 

and nonlinearity results in the generation of the additional components of the 

fundamental waves. 

In SmA a time-dependent layer displacement inevitably results in the ex- 

citation of a hydrodynamic f l o ~ , ~ O 9 ~ ~ - - l ~  unlike NLC where purely orientation 

waves, or twist waves, are possible without any hydrodynamic motion.l0> 26p27 The 

light-induced dynamic grating generates a hydrodynamic flow which represents a 

pattern oscillatory in time. It has two spatial scales: the short-scale periodicity 

and the large-scale soliton-type envelopes." All instabilities appears to be of the 

convective type." 

The light-induced layer deformations generate the longitudinal waves3' of 

the high-frequency electric field due to the flexoelectric effect specific to liquid 

crystals. lo! 5 1  31 

The analysis of the nonlinear optical effects and hydrodynamics of SmA is 

based on the self-consistent solution of the Maxwell equations for a nonlinear in- 

homogeneous anisotropic medium1 and the equation of motion of SmA in the 
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THE FOUR-WAVE MIXING [ 1883]/595 

external electric field.20723 We used the slowly varying amplitude (SVA) approxi- 

mation and the infinite plane wave appr0ximation.l The FMW in SmA is assumed 

to be a steady-state process.' 

The numerical estimations show that for the typical light intensity the gain 

coefficient as well as the temporal and spatial characteristics of the excitations in 

SmA are close to the ones observed e ~ p e r i m e n t a l l y . ~ ~ - ~ ~  The article is constructed 

as follows: in section 2 the cubic susceptibility caused by the layer deformations is 

calculated; in section 3 we consider the parametric amplification, stability of the 

system and the analog of BEFWM; in section 4 the generation of the spectrum 

of the scattered harmonics and of the additional components is described; the 

hydrodynamics of SmA in the presence of the strong optical field is discussed in 

section 5. The longitudinal electric field due to the flexoelectric effect is calculated 

in section 6; conclusions are presented in section 7. 

2. THE CUBIC NONLINEARITY CAUSED BY THE SMECTIC LAYER 
DEFORMATIONS. 

The hydrodynamics of incompressible SmA in the external electric field E' is de- 

scribed by the following system of equations:10i89 24 

dv1 
8x1 
- = o  ( 5 )  

where v' is the hydrodynamic velocity, P is a pressure, is the generalized force 

density, F is the free energy density, is the viscous stress tensor, a i k  are the 

Leslie coefficients describing SmA viscosity, Eik is the dielectric constant tensor. 
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The X and Y axes are chosen in the plane of the layer, and the Z axis coinciding 

with the optical axis of SmA is normal to the layer. We neglect in (9) the small 

elastic terms connected with in-plane molecular deviations." 

The dielectric constant tensor €it containing the terms linear on the layer 

deformations has the forrn:l0t l7 

aU 

ax E,, = E z z  = -Ea- ,  

Combining the equations (5)-(12) we obtain the equation of motion of SmA in 

the external electric field l ? : 2 0 3 2 3  

where 

We use the infinite plane wave and SVA approximations' and write the 

electric fields of the four fundamental EMW in the form: 

I + 4 

Em = e', { A , ( z ) e x p i ( k m r ' - w w , i ) + c . c .  , m = 1, ..., 4 (15) 

where Zm are the polarization unit vectors, the frequencies w, satisfy the condition 

(3), C.C. means complex conjugate, and the amplitudes 

are slowly varying 
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THE FOUR-WAVE MIXING [ 188511597 

We suppose that all waves (15) propagate from the free semi-space z < 0 into the 

SmA filling the semi-space z > 0. For the sake of definiteness we assume that 

SmA is a uniaxial crystal," and therefore the waves (15) would propagate 

in it as the ordinary or extraordinary ones, depending on their p o l a r i z a t i ~ n . ~ ~  

An ordinary EMW is polarized normal to incidence plane and has the following 

polarization vector i?: and dispersion relation:24 

Z; = G'kL = (emz, emy,  0) , k$ = (:)2 E L  

An extraordinary EMW is polarized in the incidence plane and its polariza- 

tion vector i?; and dispersion relation have the form:24 

In general case an arbitrary polarized EMW splits into an ordinary EMW and 

an extraordinary which results in the eight-wave mixing instead of FWM. 

This case is not considered. 

In our case the incidence plane containing the optical axis Z coincides with 

the main cross-~ection.~~ We consider separately the cases of the interaction of 

the extraordinary and ordinary EMW. The interaction of the EMW with both 

types of polarization differs only by the form of coupling constants. First consider 

the coupling of the extraordinary EMW. Substituting (15) and (19) into (13) and 

keeping only the terms with the difference frequencies (3) we obtain the inhomo- 

geneous part of solution of (13) governed by the field terms in the right-hand side 

of the equation of motion (13): 
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r m n  = 1 P [ai ( A k m n l A k m n z )  A k m n  + ( a 4  ( ~ 5 6 )  ( A k m n ) ' ]  (25) 

Rmn and rmn have the meaning of a frequency and a temporal decay constant of 

SS eigenmode. The constant hmn contains the polarization dependence, and in 

the case of the mixing of ordinary waves it takes the form 

It is seen from the expressions (21) and (26) that the mixing of the ordinary 

waves may be polarization-decoupled,8 if g m l  I Z n i ,  which is impossible in the 

case of the mixing of extraordinary waves. 

The contribution of the static layer deformations 

may be neglected, since for (Awmn)' - RLn 

The rapidly decaying homogeneous solution of the equation (13) may also 

be neglected. 

The layer displacement (20) represents the dynamic grating consisting of 6 

harmonics caused by the interference of the fundamental EMW (15). 

Substituting the relationships (20)-(22) into (12) one may see that the non- 

linear part of &;k caused by optical field-induced deformations may be expanded 

in terms of the products of the coupled waves as follows: 
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THE FOUR-WAVE MIXING [ 1887]/599 

where the coefficients of the expansion ( ,EL)  represent fourth rank tensor of 

the cubic susceptibility determined by the dynamic grating (20). It is seen from 

(28) that E$ is a superposition of all possible two-wave mixing terms with the 

frequency difference (3). The explicit expressions of (x") are presented in 

Appendix A. In general, 

ijk! 

i j k t  

and contains the factors describing the spatial dispersionz4 (dependence on the 

wave vector Akmn of the dynamic grating) and the resonant factor Smn 
f 

The resonance occurs if 

( x c b )  i j k P  is essentially complex, and it is seen from (23) and (30) that 

It is seen from the expressions (28) and (29) that each term in the series €2 
includes both the spatial dispersion and nonlinearity factor. 

In the framework of the essentially nonlinear theory the field in a nonlinear 

medium is described by the wave equation1 

4 

m=l e 

where I? is the total electric field in SmA, fi are the small scattered harmonics 

with the combination frequencies and wave vectors, 0' are the linear and 0' 
and the nonlinear parts of the electric induction, respectively. 
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Comparison of the relationships (2), (3), (12), (15), (28) and (33)-(35) shows 

consists of 48 terms with the that the nonlinear part of the electric induction 5 
essentialIy different phases: 

48 

The amplitudes Df are essentially complex according to (28)-(30) and (34). 

Consequently in the system considered the EMW amplification and phase cross- 

modulation are possible.12 On the other hand, the stable soliton-like excitations 

would occur without a threshold since the spatial dispersion terms and the non- 

linear terms are identical.25 The energy and momentum-conservation rules for the 

frequencies and wave vectors of the fundamental EMW are met automatically in 

the case of the scattering on the dynamic grating (20). As a result each funda- 

mental EMW and three nonlinear terms of the series (36) are phase-matched. 
-4 

In general case the phase-matched terms Dp are not parallel to the electric 

fields ,I?- of the corresponding EMW due to the anisotropy of SmA, as it is 

seen from the relationships (12) and (34). The components of 8p which are 

parallel to the corresponding field contribute to the energy exchange between the 

waves, while the components which are normal to the field generate the additional 

components of the fundamental fields. Other 36 terms of the series (33) give rise 

to the scattered harmonics c. As a result, we obtain from the wave equation 

(33) three kinds of equations. 

1. The reduced equations for the SVA of the fundamental EMW (15) with the 

parallel components of the phase-matched terms SF in the right-hand side. 

2. The wave equations for the additional components of the fundamental EMW 

fields with the normal components of the phase-matched terms z/ in the 

right-hand side. 

3. The wave equations for the scattered harmonics fi with the terms LjeN in 

the right-hand side which are not phase-matched to the fundamental EMW. 

3. THE PARAMETRIC AMPLIFICATION AND THE PHASE 
CONJUGATION. 

Substituting the expressions (15) and (34)-(36) into the wave equation (33), choos- 

ing the phase-matched terms in the left-hand side and the right-hand side of the 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
07

 1
8 

Fe
br

ua
ry

 2
01

3 



THE FOUR-WAVE MIXING [ 1889]/601 

equation (33), projecting the corresponding nonlinear induction vectors on the 

fundamental wave field directions, taking into account the conditions (16) and 

(18) or (19) for each type of polarization and separating the real and the imagi- 

nary parts, we obtain two sets of the reduced equations for the moduli IA,J and 

the phases ym of the SVA. They have the form: 

(37) 
h&nIAn12 ( y;;:)2 AWmnrmn 

n 47rP IGmn l 2  - P m 1 2  C -lrn(?) 7- -2 dl Am l 2  

-21m- %m = (?)2 c hknIAn12 {(Awmn>2 - Qkn} 

d Z  n 4rplGrnnl2 
where rn, n = 1, . . . , 4 

for the ordinary and the extraordinary EMW, respectively. 

3.1. The General Case. 

Consider first the system of equations (37). The system has only one integral of 

motion which is immediately obtained using the conditions (3), and (22)-(25). 

4 C I, (wm/c)-2 1 ~ ~ 1 2  = const = (39) 
m= 1 

Introducing the dimensionless variables 

4 

Wm = lm (Wm/C)-2  IAmI2/I0, c Wm = 1 
m=l 

we transform the equations (37) and (38) as follows: 

where D
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The analytical solution of the system (41) is hardly possible, although the 

behaviour of the solution may be evaluated qualitatively. The conditions (3) and 

(17) result in the following properties of the coupling constants 

Taking into account (45) we obtain that 

while dW2, 3 / d ~  may change sign. Consequently, the intensity W1 of the wave with 

the lowest frequency w1 increases monotonously, the intensity W4 of the wave with 

the greatest frequency w4 decreases monotonously, while the intensities Wz, 3 of 

the waves with the intermediate frequencies w2,3 may have their extrema at z > 0. 

For 

P42w4(0> + P32w3(0) > p21 ' wI(0) (46) 

W2 has a maximum at the point 

z = 202 > 0 

where 

0 4 2  w4 (202 ) 

Similarly, for 

P43W4(0 > P31Wl(o) + 832w2(0) 

W3 has a maximum at the point 

2 = 203 > 0 

where 

P 4 3 w 4 ( 2 0 3 )  = P 3 1 w 1 ( 2 0 3 )  + P32w2(203) (49) 

For the opposite signs in inequalities (46) and (48) the solutions z02,03 > 0 do not 

exist, and W2,3 monotonously decrease just like W4 does. 
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THE FOUR-WAVE MIXING [ 189 I11603 

The system (41) has the formal solution 

Taking into account the behaviour of W1 we immediately obtain from (50) 

that 

w2,3,4(z --f m) + 0 (51) 

The integrand in the exponent of W1 vanishes exponentially at infinity, while 

the intergration interval increases linearly. Therefore W1 tends to the finite con- 

stant level as z + co. Taking into account the conditions (40) and (51), we 

obtain 

Wl(2 + 00) + 1 ( 5 2 )  

The results (51) and (52) show that the parametric amplification with satu- 

ration of the signal wave El occurs while the pumping wave E4 undergoes total 

depletion in the limit z + oc). The intensities of the waves E 2 , 3  with the inter- 

mediate frequencies form the spatially localized soliton-like states, if the pumping 

wave E4 at the input z = 0 is sufficiently strong to satisfy the conditions (46) 

and (48). In the excitation interval rnin(zo2, 203) > z > 0 three waves E 1 , 2 , 3  are 

amplified. The solutions (50) are nonperiodical and stable as z + 00. 

The coupling constants Pmn play a role of the gain coefficients and reach their 

maximal values in the case of the resonance. Taking into account the relationships 

(1)-(4), (18) or (19), (22)-(25), (40) and (43) we obtain 

where the intensity P has the form:24 

P = cIAI2/4.rr 

At the frequency wm - 1015 sec-l for the typical values of the material parameters 

€1 = 2.3, € 1 1  = 2.9, = 0.6,13 B - 108erg/cm3, a; - (0.3 - 1) Poise,10~18~40~41 
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for the small angles between z,,, and z,, (0 N 

intensity is estimated to be 

the gain coefficient per unit 

- P N (0.15 - 0.5) cm (MW)-'  
P 

which is comparable with the gain coefficient for the Brillouin scattering in CS2 

and at least of one order of magnitude greater than the gain coefficients for other 

organic liquids.' 

The behaviour of the phases ym is described by the following solutions: 

It is seen from the systems (42) and (54) that each phase evolves indepen- 

dently, unlike the situation when a cubic susceptibility is a ~ c a l a r . ~  In general case 

each phase shift may be positive, or negative. 

If for all m, n 

(AwrnnI2 > %, 

then all phase shifts are negative, i.e. a medium is def0cusing.l In the opposite 

case 

(Aomn)2 < Qkn 
all phase shifts are positive, and the medium is f0cusing.l The resonant pair of 

EMW does not contribute to the right-hand side of (42) since 

One may see from the equations (43), (44), (50), (53) and (54) that the 

parametric energy exchange is predominant in comparison with the weak phase 

cross-modulation when 

and consequently 

I~ln9ll << lPmnl 

It is instructive to conclude this section with a few general remarks. 
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THE FOUR-WAVE MIXING [ 1893]/605 

The energy exchange among the coupled EMW is nonreciprocal unlike the 

situation in the conservative system.6 The system considered has only one integral 

of motion (39) because the direct energy exchange between the optical field and 

SS is neglected. Such an approximation is valid, if the dissipation length of the 

SS mode 
LDmn = Srkk 

is small in comparison with the excitation length” of a virtual SS mode 

In our case there exist 6 excitation lengths which may be also defined as the 

correlation lengths for each pair of the coupled EMW Em and En.  Using ( 5 3 )  one 

may see that 

LDrnnlLErnn <c 1 

Consequently, SS modes are passive, or “slaved”, and the scale separation exists 

between the dissipation and the excitation processes.28 The system may be char- 

acterized as quasi-dissipative, and the dynamic grating (20) plays a role of an 

elastic channel for the nonreciprocal energy exchange among the coupled EMW 

on the distances of the order of magnitude of the excitation length L E ~ ~ .  
In strong optical fields with intensities P N 100MW/cm2 which were used 

in the excitation of the ultrasonic waves in SmA32i33 the excitation length reaches 

(0.02 - 0.07) cm according to the expressions (53) and (55). This result is in 

accordance with the experimental data.33 

3.2. Polarization-decoded F WM. 

FWM is polarization-decoupled, when some of coupled EMW have perpendicu- 

lar polarizations.8 Comparing the relationships (22), ( 2 6 )  and (43) one may see 

that polarization-decoupled FWM is possible for the ordinary EMW, since such 

waves with perpendicular polarizations do not excite the dynamic grating, and 

corresponding coupling constant vanishes. In the case of extraordinary waves 

polarization decoupling is impossible because of anisotropy. If each EMW is po- 

larized normal to its incidence plane and therefore propagates as an ordinary 
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and one field is perpendicular to the others (for example 2 1  I & , 3 , 4 ) ,  then 

substituting (26) into (43) we find: 

The critical point 202 vanishes, Wz increases monotonously with saturation 

as z + 00, W4 is depleted in the same way as in the general case, and W 3  has a 

soliton-like form with a maximum at 

The signal wave polarized normal to all other waves propagates through the 

nonlinear medium without any change. 

If 

Zl 1 2 2 , 3 r  21 11 $4 

then 

617, = 613 = 624 = 634 = 0 

The equations (41)-(42) now take the form: 

A- awl 4 - f p 4 1  wl w 4  
3 Z  

The equations (58),  (59) describe two independent processes of two-wave 

mixing.23 The solution has the form:23 

, 
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THE FOUR-WAVE MIXING I 1  895]/607 

The expressions (60)  and (61) represent two independent pairs of kinks25 

with the different crossing-points z1,2 and excitation lengths 

The crossing-points 2 1 , ~  exist, if 

respectively. 

3.3. The Stabilitv Analysis in the Case of the Strong PumDina. 

Consider the important case, when the pumping wave 2 4  and the signal wave ,??I 

are much stronger than E2,3 which play a role of idler waves: 

Using the expansions 

and taking into account (66) and (67) we obtain from the system (41) 
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The equations (68) and (58a) have the same solution (60). Solving the 

equations (69)-(72) we find the separate integral of motion: 

Therefore the integral of motion (73) is equal to 5 2 ,  and the condition (62) is held. 

All functional determinants of the system (69)-(72) are equal to zero, and as a 

result it has an infinite number of solutions.35 However, the physically meaningful 

solutions must satisfy the conservation law (73). The intensities W2,3 are cal- 

culated by substitution of the expressions (60) into the equations (69) and (70). 

They have the form: 

where 
p 4 2  - p21 

2 p4 1 /34 1 

p43 - p31 

p42 + p2l , bl = 

a2 = , b2 = 

p4 1 
7) = -&z, a1 = 

(77) 
p43 + p31 

p4 1 p4 1 
It is seen from the relationships (75)-(77) that 
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THE FOUR-WAVE MIXING [ 189711609 

and consequently 

r ] - fm,  w2,3’0 

which coincides with the general result (51). If a 1 , 2  > 0, a slow decay of W2,3 

occurs, in the opposite case a 1 , 2  < 0 the decay of w2,3 is rapid. 

The analysis shows that W2,3 reach their maxima at the points 202,03, re- 
spectively, which are determined by the following expressions: 

The solutions 202 > 0, 203 > 0 exist, if 

p42w4(0) > 1, P43W4(0> > 1 
P21 Wl(0) p31 Wl(0) 

Suppose that the crossing-point 21 > 0 exists and 

P43 - < 1  p42 

P2 1 p3 1 
- < 1, 

Then the threshold values of the input pumping-signal ratio exist such that 

the spatial solitons are absent and W2,3 decrease monotonously: 

For the larger values of the input pumping-signal ratio the spatial solitons 

(75) and (76) emerge which are localized in the excitation interval 

(the rapid decay). If on the contrary 

p43 p42 

p31 p2l 
- > - > 1  
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61011 18981 G.F. KVENTSEL AND B.I. LEMBRIKOV 

and the spatial solitons Wz,3 are "pushed" forward from the excitation interval 

21 > z > 0 (slow decay regime). Substituting the expressions (79 a,b) into (75), 

(76) and using (60), (77) we find: 

The relationships (75)-(81 a, b) show that the widths and the maximum 

positions of the spatial solitons (75) and (76) do not depend on their intensities, 

and they are determined by the pumping wave E4 intensity. They are strongly 

dependent on the correlation lengths corresponding to the interaction with the 

pumping and signal wave, respectively. The form and the position of the spatial 

solitons Wz,3 may be changed by the detuning of the coupled waves frequencies 

and by changing their propagation direction as well as by changing the pumping 

wave intensity. The validity of the approximations (66) and (67) requires 

4 

According to the relationship (43) all coupling constants are of approximately 

the same order of magnitude, and consequently it is possible that 

The input pumping-signal ratio might not be too great, since for 

the constant pumping intensity approximation' is suitable. Numerical estimations 

show that in such a situation the condition (66) is satisfied with 
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Combining the results (60)-(62), (75), (76) and taking into account the con- 

servation law (73), we obtain two pairs of solutions for W1l and "41: 

The existence of the solutions (82) and (83) means that the two levels of the 

intensity of the fundamental waves El, 4 are possible: 

i.e. a specific kind of an optical dispersive b i ~ t a b i l i t y ~ ~  occurs. The behaviour of 

the bistability in question may be evaluated qualitatively using the relationships 

(73)-(83a, b). Consider the solution (82a, b). Taking into account (75), (76) and 

(81a, b) we immediately obtain that 

To evaluate the second solution (83a, b) we divide the integration interval 

into two parts: (0, qo)  and (qo, q ) ,  where 

is a sufficiently large constant number. The integrand in (83a) is finite for any 

finite q and an integral over the interval (0, 70) is a finite number, too. It does not 

exceed a value determined by the expressions (81a, b). As a result, the contribution 

to ( W ~ ~ ) I I  due to this integral vanishes for q + 00. On the second part of the 
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6 12/[ I9OO] G.F. KVENTSEL AND B.I.  LEMBRIKOV 

interval for sufficiently large q the contribution of W2,3 to the integrand may be 

neglected according to the condition (78), and we obtain: 

(85) 

1 
lim ( W I I ) ~ ~  = lim { 4 [sech(q - m)j2 J2 exp [2(q - q l ) ]  
9-00 pl-m 

lim (W41)11 = 0 
9-00 

It is seen from (84) and (85) that the initial states of each bistable kink at z = 0 

coincide as well as their behaviour at infinity. ' Usually such kind of bistability is 

caused by a deviation of the dependence of a refractive index on an intensity from 

Kerr type.37> 38 

In our case the bistability is due to the combination of the specific kind of 

Ken- nonlinearity and of the essentially nondegenerate character of FWM when the 

matrix of different coupling constants emerges instead of one coupling constant. 

Indeed, if all Pmn are equal, the conservation law (73) is satisfied with the solutions 

(75), (76), (82b) and (83a), the solutions (82a, b) and (83a, b) coincide and the 

bist abili t y vanishes. 

It is seen from (84) and (85) ,  that for large q the bistability vanishes. For 

small q << q1 the bistability is determined mainly by the magnitude 

[W4(0)/W1(O)] and by the anisotropy of the coupling constants Pmn.  The dimen- 

sionless variable q is proportional to both the thickness of SmA and the pumping 

intensity. Keeping constant the sum input intensity 51 we obtain that in SmA 

sample two points exist: z = Z b  where the bistability emerges, and z = zf > Z b  

where it vanishes. If, on the contrary, the thickness of SmA sample is fixed, then 

the levels of pumping corresponding to the threshold and to the completion of the 

bistability may in principle be determined equating for example the expressions 

(82b) and (83b) for some z = db = const. 

Calculating the phases Tm according to (42) we keep only W10,40, neglecting 

small spatially localized quantities W2,3 and corrections W11,41. Substituting (60) 

into (42) we find: 
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THE FOUR-WAVE MIXING [ I901 1/61 3 

where 
621 - 624 

p4 1 

631 - 634 
p4 1 

p1 = 9 P2 = 

It is seen from (86)-(89) that the phase of the amplified wave tends to 

the constant value, while the depletion of the waves $4 is accompanied by the 

almost periodical phase cross-modulation: 

3.4. The Analog of BEFWM and the Phase Coniugation. 

Consider the situation when the wave 31 is phase-conjugate of the wave E4, while 

the waves & , 3  are forward-going and backward-going pumping waves, 

respectively.2 The phase-conjugate wave has the time-reversed phase factor with 

respect to the incident wave.2 As a result, we obtain from the equation (15): 

+ 

zl = z1 { A ~  exp i (i4?+ wit) + C.C.} 

$2 = Z! (A2 expi (&?- w2t) + c.c.} 

> >  

(90) 

(91) 

(92) 

(93) 

= E'3 { A3 exp i ( rc'27+ u3t + Arc'r > >  + C.C. 

z4 = Z4 { A4 expi (i47- w4t + C.C. 

where Arc' is the wave vector-mismatch of FWM process:2 

(94) 
Aw32-t w3 -. A;= A i  - 123, k3 = -723 

C 
32 - C 

n'3 may be easily defined from the dispersion relations (18) or (19) for each kind of 

polarization. Comparing the relationships (2), (3), (20), (21) and (90)-(93) we see 

that for the counterpropagating waves E1,4 and E 2 , 3  the products E4E;, EzE?, D
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E4 Ez and E3 E; in (20) must be replaced by the products El E4, El Ez , E3 E4 and 

EzE3. Then the harmonics of the dynamic grating (20) take the form: 

U41 N A1A4 expi 2k4F- Aw4lt , Uzl N AlAzexpi Z+F- Awzlt) , 

U43 - A4A3 expi (z+?- Aw43t) , u32 N A3Az expi (2&F+ Aw32t) , 
( -  ) ( 

u31 NAIA;expi(z-F-Aw3lt), u42 NAiA4expi 
(95) 

+ 
k f  = Z4 f & 

In the case of the phase conjugation by stimulated scattering the condition of the 

frequency balance between the harmonics with the same wave vectors is necessary.2 

Choosing the frequency differencies 

and taking into account the conditions (2), (17) and (22)-(25) we obtain: 

The strongest coupling between EMW occurs in the resonant case when the con- 

dition (31) is met for one of the frequency differencies (96) and (97): 

Comparison of the relationships (31), (97) and (98a, b) shows that each of the 

resonances is possible only when the angle between z z  and z 4  0 > 7r/2 and 

consequently k- > k+. 
The contribution of the non-resonant harmonics may be neglected. Choose, 

for example, the case (98b). Then, assuming that the amplitudes of the forward- 

going and backward-going pumping waves E2,3 are great in comparison with the 

probe and conjugated waves E4,1 and they are kept constant 
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THE FOUR-WAVE MIXING [ 1903116 I5 

and combining the relationships (12), (20) - (25) ,  (34), (35) and (90)-(98a,b) we 

obtain from the wave equation (33) the reduced equations for the amplitudes of 

the probe wave E and the conjugated wave E:  

x {A41A2I2 + A1A2A;exp ( - i A k ) }  

where 

1 = k4 { 1 - ( Z ~ Z I ) ~  / k j }  

The equations (99a, b) describe the enhanced FWM process with the simul- 
taneous phase conjugation and the amplification of the conjugated wave El . 2>  39 

The equations (99a, b) are identical with the equations of BEFWM,2s39 includ- 

ing the phase-matched terms responsible for the energy exchange and the phase- 

mismatched terms responsible for the phase conjugation. In the constant pumping 

approximation’ the solutions of the system (99a, b) have the form 

A1,4 = a1,qexp { p r  f iAZF/2 1 (100) 

Substituting (100) into (99a, b) we find the increment: 

which corresponds to the amplification of the conjugated wave El 
propagating in the negative direction. The increment Rep’  coincides in general 

with the increment for the stimulated light scattering on SS.21 Comparing R e p 1  

with the coupling constant Pmn (43) we see that 
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if we take into account the conditions (95)-(98) and neglect the small intensities 

IA1,41. Therefore, the enhanced FWM with the phase conjugation process is a 
particular case of the more general model of the nearly degenerate parametric 

FWM on the cubic nonlinearity caused by smectic layer deformations. 

4. THE GENERATION OF ADDITIONAL COMPONENTS AND 
SCATTERED HARMONICS. 

The phase-matched components of the nonlinear polarization which are normal to 

the electric field of the fundamental EMW generate the additional field 

components.' If the fundamental EMW (15) are polarized in the layer plane and 

normal to the propagation direction, the only component of the nonlinear polariza- 

tion which is normal to the field is D,", since SmA is a uniaxial crystal.'' Com- 

bining the relationships (12), (18), (20), (21), (26) and (33)-(36), the condition1tZ4 

and projecting the corresponding part of the wave equation (33) on the direction 

k,, we obtain the equations for the additional components EA: 
+ + 

where 
D:, = -&,A, exp i k m 7 -  wmt (+ 

I A ~ I ~ R L ,  (AZmnlznl)  
Gmn A k m n z  

X + C.C. 

The solution of the system (103)-( 104) yields 

If the fundamental EM waves (15) are polarized in the main cross-section, 

they propagate as the extraordinary ones with the dispersion relations (19).24 Due 
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THE FOUR-WAVE MIXING [ 1905]/617 

to the anisotropy of SmA and the nonlinearity the transverse components of these 

EM waves emerge, which are polarized along the unit vectors 

where fm is a beam vector of the EMW Zm, Q71 Zm.24 Projecting the corre- 

sponding part of the wave equation (33) on the direction ZhL and using (19) we 

obtain 

where 5; in this case is determined by the expressions (12), (19), (20)-(22) and 

(34). Comparing the relationships (105)-(107), (109) and (40) one may see that 

according to the conditions (51) and (52) all additional components EL are finite 

and spatially localized: 

Z - P O O ,  EL+O (110) 

The components of the nonlinear polarization (36) which are not phase- 

matched to the fundamental waves give rise to the number of the Brillouin-like 

scattered harmonics 

$ = @ p ~  exp i$e (111) 

which evolve according to the corresponding wave equations: 

Here + p  are the phases of Stokes and anti-Stokes components1 with the 

combination frequencies we and wave vectors Z p  which are different from the fun- 

damental ones. The combination frequencies and wave vectors do not satisfy the 

dispersion relations (18) or (19). Therefore the homogeneous solutions of (112) 

do not exist, and fi are not the propagating modes.lg They are driven by the 
nonlinear polarization in the right-hand side of (112). The amplitudes Fp9 have 

the order of magnitude 
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6 1811 19061 G.F .  KVENTSEL AND 8.1. LEMBRIKOV 

where Ap, are the amplitudes of the fundamental waves (15). Comparing the 

expressions (40), (51), (52) and (113) it is seen that all harmonics fp" have the 

finite and spatially localized amplitudes: 

The total number of the scattered harmonics with essentially different fre- 

quencies and wave vectors is equal to 24. Indeed, the multiplication of 6 harmonics 

of the dynamic grating (20) and of the four fundamental EMW (15) yields 48 terms 

including 12 terms which are phase-matched to the fundamental waves (15). The 

remaining 36 terms include 12 terms of the type 

+ 
AmApAi exp i [ ( k m  + Zp - in) r'- (wm + wp - w n )  t ]  

which are doubly degenerate, and 12 terms of the type 

A ~ A ;  expi [ (  2 zm?- w m t )  - (in?- u n t ) ]  

5. THE HYDRODYNAMIC FLOW EXCITED BY THE STRONG OPTICAL 
FIELD. 

The flexibility and sensitivity of liquid crystals with respect to the external fields 

are well Hence it is important to investigate the influence of the strong 

optical field (15) on the hydrodynamic behaviour of SmA. In NLC the orientational 

motion of molecules gives rise to the so-called twist waves, or orientation waves 

without the hydrodynamic flow of the liquid as a  hole.^^?^' In contrast, in SmA 

any disturbance in the layer displacement inevitably results in the hydrodynamic 

flow according to the equations (5) and (7). SubstitutiDg (20) and (21) into the 

equation (7) and using the incompressibility condition (5) we obtain 

v, = Vmn exp i (AZmn?- Aw,,t> 
m n ,  m#n 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
07

 1
8 

Fe
br

ua
ry

 2
01

3 



THE FOUR-WAVE MIXING [ 1907116 19 

The hydrodynamic flow (115) is a complicated spatio-temporal pattern28 

which represents a superposition of 6 harmonics with different spatial scales N 

(Arcmn)-' and temporal periods - ( A w m n ) - l .  According to the relationships 

(3), (41, (18) and (19) 

km N kn 
+ + 

For the small angles between k ,  and k ,  

and A i m ,  is approximately normal to the propagation directions of the coupled 

EMW (15). Consequently, the direction of the hydrodynamic velocity v' would 

approximately coincide with the EMW propagation direction. If additionally the 

angle between k,, 
4 

and the Z axis is also small, then 

and SmA would mainly flow in the direction normal to the layer. In the opposite 

case, when EM waves propagate under a small angle to a layer plane they give 

rise to the flow which is almost parallel to the layer plane. Each harmonic may be 

characterized by two spatial scales: the short scale is determined by the inverse 

wave vector (Akmn)-' ,  while the large scale is due to the spatial inhomogeneity 

of the amplitudes A ,  and it is determined by the correlation lengths (Prnn)-'. 
Substituting the relationships (23), (40) and (43) into (115) we obtain: 

where 

The factor M,, in the right-hand side of (116) determines the large-scale 

profile of the hydrodynamic velocity, while the combination of the energetic, tem- 
poral and spatial parameters yields its magnitude. Comparing the expressions 
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(117) and (50)-(52) we see that all amplitudes V,, are finite and spatially local- 

ized: 

z + w ,  IV,nl+O (118) 

Therefore all hydrodynamic excitations (115) are c o n v e ~ t i v e . ~ ~  IV,, I may 

have a maximum determined by the condition 

i i 

It is clear that all points of the maxima zOmn > 0 exist, if there exist the 

points 2 0 2 ,  203 > 0 determined by the conditions (47), (48) and the crossing-point 

z1 > 0 where 

Consequently, the hydrodynamic velocity harmonics have the envelopes in the 

form of spatial solitons,25 which are oblique to the propagation direction. In the 

particular case, when W1,4 >> w2,3 using the results (60), (75)-(77) and (79a, b) 

we find: 

b i + b  

Mz3 = Wz(O)W3(0)exp ((a1 + az) 7) 

The analysis of the expressions (119) shows that they have the form of a 

spatial soliton,25 with the following points of a maximum: Mi4 has the maximum 

at the crossing-point 71 = 71. The solitons M12,42 and M13,43 have their maxima 

at the points 
~ 0 1 2  = 71 + -In 1 (p42i?l,@41) , 

7042 = rll - -In 1 ( @41L2p21) , 

7013 = 71 + -In ( p 4 3 i 1 @ 4 1 ) ,  

2 

2 

2 

2 7043 = 71 - -In 
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The smallest soliton it423 has its maximum at the point 

It is seen from the expressions (119)-(121) that the hydrodynamic flow is 

divided into the large-scale strata with the different temporal and short-scale spa- 

tial periodicity. If all Pnn are essentially different, the points v0mn would be 

well resolved one from another and the different strata (119) would be distributed 
approximately symmetrically in respect to the maximum of the largest compo- 

nent V14. In the opposite case when all pmn are approximately equal the small 

components V,, with the rapidly oscillating different phases may be neglected in 

comparison with V14, and the hydrodynamic flow would have the soliton profile 

M14. Numerical estimations show that all /Vmnl vanish for 7 - (4 - 5 ) .  Each am- 

plitude lVmnl reaches its maximal value in the resonant case when the condition 

(31) is met. Taking into account the expressions (l), (2), (18) or (19), (22)-(24), 
(40) and (53) we obtain: 

Using the results of section 3.1 we find that the hydrodynamic velocity may 

reach a maximal value of about 10 cm sec-l. The minimal sample thickness d, 

sufficient for the excitation of the hydrodynamic spatial soliton (119) in the strong 

optical field must be of the order of magnitude of the excitation (correlation) length 

LE - 0.02 cm. The SmA samples of a thickness (200 - 500)pm were used to 

observe the stimulated light scattering and the SS excitation in SmA.33y40i41 

The results obtained are valid for both homeotropically and planary 

oriented'O SmA. The only necessary condition is that EMW would propagate 

obliquely to the layers, or in other words, to the optical axis of SmA. 

6. THE LIGHT-INDUCED LONGITUDINAL WAVES OF THE 
HIGH-FREQUENCY ELECTRIC FIELD. 

It is known that in SmA the layer deformations give rise to the so-called flexoelec- 

tric polarization @ f , l 5 9  31 which has the form:15 
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8% Pfz = - e l -  
azax  ) 

f d 2 U  Pfy = - e 3 -  
dzdy 

where e f , , ,  

turn, causes the electric field ,??f according to the condition:24 

are the flexoelectric coupling constants. The polarization (123), in 

The magnetic field fif associated with the flexoelectric polarization Ff caused by 

the dynamic grating (20) is small and may be neglected: 

km Pf << Pf 
1 Aw S Hf N -- Pf"-- 
c A k  c A k m n  

Therefore the electric field generated by the dynamic grating due to the 

flexoelectric effect''? 31 is l~ngitudinal:~' 

Combining the equations (20), (21) and (123)-(125) we obtain: 

The longitudinal electric field ,??I is spatially localized. Comparing the ex- 

pressions (40)) (51) (52) and (126) it is seen that Ef vanishes at sufficiently large 

distances: 

Z - + C o )  l E f l - 0  (127) 

Each harmonic in the sum (126) differs from the corresponding harmonic of the 

dynamic grating (20) by a factor and has the same resonant form. At the interface 

z = 0 the terms E f m n  behave as high-frequency spatially periodic surface waves, 
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since they cannot penetrate into the linear medium z < 0. Actually, according to 

the boundary conditions24 the tangential component of the wave vector of each 

harmonic (126) is continuous at z = 0: 

The normal component k k n z  is purely imaginary, since 

(Wrnn/C)’  N ( s / c ) ’ ~ ;  << (Akmnl)2 - k; sin2 ( 6 / 2 )  

The high-frequency electric field with artificially created periodicity at  the 

interface z = 0 excites SS when being applied to SmA  ample.^^^^^ The equation 

(126) shows that the inverse effect is possible when the light-induced dynamic 

grating of smectic layer displacement excites a wave packet of spatially periodic 

high-frequency longitudinal electric field. 

7. CONCLUSIONS. 

The nondegenerate FWM in SmA results in an excitation of the dynamic grating 

of a layer displacement and in an energy exchange among the coupled EM waves 

due to a new type of Kerr nonlinearity caused by the layer deformations. The 

necessary conditions for a strong coupling are as follows: 

1. the difference between the EM wave frequencies is of the same order of mag- 

nitude as SS frequency; 

2. the EM waves propagate obliquely to a layer. 

The cubic susceptibility determined by the layer deformations represent the 

fourth rank tensor with essentially complex components exhibiting a spatial dis- 

persion on the dynamic grating wave vectors. The explicit expression of the cubic 

susceptibility is presented in Appendix A. The eigenmodes of SS are not excited, 

since the excitation length for the energy exchange among the coupled waves is 

much greater than SS dissipation length. As a result, SmA behaves like an elastic 

channel for energy transfer from the EMW with greater frequencies to the EMW 

with lower frequencies. The analysis carried on in SVA approximation shows that 
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in general case a combination of the nonlinearity and spatial dispersion results 

in an excitation of the stable spatially localized structures. The EMW with the 

lowest frequency is amplified with a saturation at large distances. The EMW with 

the greatest frequency is depleted. The EMW with intermediate frequencies form 

the soliton-like structures. It is shown that the system of the coupled EMW and 

dynamic grating is stable with respect to the increase of a SrnA sample thickness, 

as well as of a pumping intensity. 

If the input pumping-signal intensity ratio is sufficiently large, only a limited 

interval exists where three waves with lower frequencies are amplified. The explicit 

expressions of the intensities and phases of the waves are obtained for some partic- 

ular cases. The amplitudes have a form of kinks and spatial solitons. It is shown 

that in the special case of the geometry typical for a phase conjugation process an 

analog of BEFWM2v7-9 occurs with the amplification of the conjugated wave. The 

nonlinearity and the existence of different excitation (correlation) lengths give rise 

to the specific kind of dispersive optical bistability, which usually occurs in media 

with deviations from Kerr nonlinearity.38* 38 The combination of nonlinearity and 

anisotropy results in the generation of additional components of the fundamental 

EMW. The scattering of the fundamental EMW on the dynamic grating generates 

the spectrum of Brillouin-like small harmonics with the combination frequencies 

and wave vectors. 

Unlike NLC, in SrnA a time-dependent orientational disturbance connected 

with a layer displacement ultimately results in the excitation of a hydrodynamic 

flow. This flow represents a complicated spatio-temporal pattern28 with two dif- 

ferent spatial scales. The short scale is determined by the wave vector of the dy- 

namic gratind harmonics. The large scale is associated with the energy exchange 

between the EMW, and it is characterized by excitation (correlation) lengths. All 

components of the hydrodynamic velocity are spatially localized. 

In liquid crystals the orientational disturbances generate an electric field 

due to the flexoelectric effect.10915i31 It is shown that the light-induced dynamic 

grating generates a longitudinal high-frequency electric field, which behaves as a 

surface wave at the boundary between SmA and a linear medium. 

The numerical estimations for the typical values of material parameters and 

for the pumping intensity P - 100 MW/cm2 yield the gain coefficient p N (15-50) 
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THE FOUR-WAVE MIXING [ 191311625 

cm-’. This value corresponds to the excitation length of about (0.02 - 0.07) cm 

and agrees with the experimental data.33 The hydrodynamic velocity may reach 

a value of 10 cm/sec . 

APPENDIX A. 

In general case the layer deformations break the symmetry of SmA.7 Therefore, 

new components of the cubic susceptibility emerge in comparison with the intrinsic 

cubic susceptibility of the electron origin.’ Comparing the relationships (21), (22) 

and (28) we find: 

( X E )  = ( X E )  = ( X E )  = (x%) = 
(A81 

zzzy zyzz zzyz  zzzy  

= (~2;) = ( x ~ A )  = -EzSrnn ( A k m n z )  ( A k m n y )  
yzzz z y z z  

(x2L)  zzzz = (x%) 2 2 2 1  = (x%) zzzz = (x:’”) Z 2 5 2  = 

(A10) 
( X K ’ ” )  = (x:’”) = (x:’”) Y Z Y Y  = ( x 8 b )  Z Y Y Y  = 

Y Y Y Z  Y Y Z Y  
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has its maximal value in the resonant case when the condition (31) is met. Using 

the relationships (l), (2), (23)-(25) and (30) we obtain: 

For the typical values of material  parameter^,^^^^^^ ‘ 7 9 4 0 t 4 1  small angles 6 between 
k, and z,, and k, - 5 lo4 cm-’ we find that A k,, N (lo3 - 5 . lo3)  cm-I 

and Ix:kI N (lo-’ - lo-*) cm3/erg, which is comparable with the Brillouin 
nonlinearity in organic liquids.’ 
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